A/B Tests Under a Safety Budget:
A Simulation-Optimization Point of View

Nian Si
Joint work with Jose Blanchet, Ramesh Johari, and Zeyu Zheng

INFORMS 2022

> Stanford

University

October 18, 2022

niansi@stanford.edu (Stanford) Safe A/B Tests October 18, 2022 1/35



.
Road map of this talk e

@ Motivation: unknown risk in online experiments
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Motivation: unknown risk in online experiments

Stanford

A/B tests Goverony

@ A/B tests: effectively identify the best from a pool of different designs.
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Motivation: unknown risk in online experiments

Safety and risky new design Stanford

University

@ New designs could be risky: incur large costs and a simple mistake may threaten
the whole system.

PCSTED CN GCTOBER b, 2021 TO NETWORKING & TRAFFIC

More details about the October 4 outage

This was the source of yesterday’s outage. During one of these routine maintenance jobs, a
command was issued with the intention to assess the availability of global backbone capacity,
which unintentionally took down all the connections in our backbone network, effectively
disconnecting Facebook data centers globally. Our systems are designed to audit commands

like these to prevent mistakes like this, but a bug in that audit tool prevented it from properly
stopping the command.

https://engineering.fb.com/2021/10/05/networking-traffic/outage-details/
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Unknown risk in online experiments e

o A safety budget is set to regulate the total cost that can be tolerated in the
experiment.

0 200 400 600 800 1000

— Experimental reward before hitting the budget
—Experimental reward after hitting the budget
—=-=Budget C=30
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Formulation: ranking and selection e

@ One control action with known mean reward jip; K treatment actions with unknown
mean rewards ji, . .., ix and follow Gaussian distributions X; ~ N'(u;, 0?).
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Formulation: ranking and selection S

@ One control action with known mean reward jip; K treatment actions with unknown
mean rewards ji, . .., ix and follow Gaussian distributions X; ~ N'(u;, 0?).

@ At time t, a treatment action /; € {1,2,..., K} is chosen and a random reward
Xt 1s revealed.

@ The experiment horizon is T and the safety budget is C. Define the stopping time
t
rer=TAINFEY X < pot—C
s=1

@ /.. .41 is the experimenter’s decision of the treatment action with the highest mean
upon stopping. Goal: minimize the probability of false selection:

P {/TC,T+1 ¢ arg max Mi} :
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Formulation and main results by large deviation principles
Stanford

Literature review oo

@ Safety concerns in standard practice of A/B tests in industry [Xu et al., 2018,
Kohavi et al., 2020];
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Literature review oo

@ Safety concerns in standard practice of A/B tests in industry [Xu et al., 2018,
Kohavi et al., 2020];

@ Ranking and selection [Chen et al., 2000, Glynn and Juneja, 2004, Batur and Kim,
2005, Morrice and Butler, 2006, Kim and Nelson, 2006, Hong and Nelson, 2007,
Chick and Gans, 2009, Frazier et al., 2009, Andradéttir and Kim, 2010, Waeber
et al., 2010, Lee et al., 2012, Chick and Frazier, 2012, Healey et al., 2013, Hunter
and Pasupathy, 2013, Pasupathy et al., 2014, Song et al., 2015, Hunter and
Nelson, 2017, Gao et al., 2018, Lam and Li, 2018, Wu and Zhou, 2018, Chen and
Ryzhov, 2019, Hong et al., 2021, Kim et al., 2022];

@ Best arm identification [Even-Dar et al., 2002, Mannor and Tsitsiklis, 2004,
Audibert et al., 2010, Gabillon et al., 2012, Karnin et al., 2013, Jamieson and
Nowak, 2014, Chen and Li, 2015, Garivier and Kaufmann, 2016, Kaufmann et al.,
2014, 2016, Russo, 2020, Agrawal et al., 2020];
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Formulation and main results by large deviation principles
Stanford

Literature review: continue oo

o Feasible arm identification: Find the best treatment for one key metric provided
that other metrics are not bad [Katz-Samuels and Scott, 2018, 2019];
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Stanford

Literature review: continue oo

o Feasible arm identification: Find the best treatment for one key metric provided
that other metrics are not bad [Katz-Samuels and Scott, 2018, 2019];

@ Safe and conservative contextual bandit and reinforcement learning [Driessens and
DZeroski, 2004, Koppejan and Whiteson, 2009, Taylor and Stone, 2007, Garcia and
Fernandez, 2015, Wu et al., 2016, Kazerouni et al., 2017, Amani et al., 2019, Xu
et al., 2021];

@ Connections between regret minimization and best arm identification. [Degenne et
al, 2019, Zhong et al, 2021].
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. Stanford
Our results: setup Gaerey

e Limiting regime: C, T — +oo with T/C — 3, where /3 represents the safety level.
e [ 1 means relatively small C = safer.

o Gaussian setting: X; ~ N (u;, 02) with pg > pp > ... > k.
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Formulation and main results by large deviation principles
Stanford

Our results: setup Gaerey

e Limiting regime: C, T — +oo with T/C — 3, where /3 represents the safety level.
e [ 1 means relatively small C = safer.

o Gaussian setting: X; ~ N (u;, 02) with pg > pp > ... > k.

@ Static allocation rule Z,K:1 pi = 1 stationary over time: up to time t, we collect p;t
samples from the treatment action i for every t < 7¢ 7.

@ Decision rule: I, .11 € arg maxi<i<k Xi(7c,1)-
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Formulation and main results by large deviation principles
Stanford

The main theorem oo

Theorem

For C, T — +oo with T/C — 3, X; ~ N (i, 0%) with iy > po > ... > pux, any
allocation rules uniform over time and the empirical-maximizer decision rule, we have

lim _% |Og (IP) (ITC,T-I—I 7é 1)) = rjnzlg {min {I—Ij(p)756}(p)}} )

C, T—oo

where )
(p1 — Mj)
2(03/p1+02/pj)’

Gi(p) =

e Hj(p) corresponds to the event of early stopping, i.e., 7c,7 < T, and wrong
selection of the j-th action, i.e. X(TC 7)> Xl(TC 7), forj=1,2 ... K.

° GJ( ) corresponds to the event of stopping at time T, i.e., TC,T = T, and wrong
selection of the j-th action, i.e., X(tc.7) > Xi(7c.7), for j =1,2,... K.
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Comparision with the vanilla case without safety constraint¥anford

W/ safety W/o safety (C = +00) 2
T/C = 3 range [0, +00) B=0
Stopping time TC.T T

<
limr o — % log (PFS) minz {min {3Hi(p), Gi(p)}}  mins=2 {Gi(p)}

2 ,
Glynn and Juneja [2004]
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Formulation and main results by large deviation principles A special case on equal variances

2 2 2 V Stanford

Equal variances: 07 =05 = ... =0 =

Proposition

We assume X; ~ N (u;, V) fori=1,2,...,K and pig > pp > ... > k. For any
allocations py, po, . . ., px satisfying Z,K:1 pi=1 For C, T — +ocand T/C — f3

) 1
C,l'll'rgoo _E |Og (P (/TC,T+1 7£ 1))

1 . (= ) ' (2 = 113)°
= Smin{ D+ D2+ min =——L—, Fmin ] ’
v \/ 1+ e T\ 21 + 1/p)

where D is the mean extra reward per unit:

K
D= ZP;(IM—MO)-
i=1

University
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Formulation and main results by large deviation principles A special case on equal variances

Equal variances: optimal allocation e
@ The optimal allocation p* = [p}, p3, . .. ,p;]T is defined as
{pL, P2, -, pic} = argmax  min{min {H;(p), BG;(p)}} -
P05k pi=1 122
Theorem
For the equal variance case, we have the optimal allocation rule satisfies
(1 — pi)? (1 — 1)) o
. — = . — fori#j#1. (1)
pi+1/p;  1/pi +1/p;
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Formulation and main results by large deviation principles A special case on equal variances
tanford

Comparison with the vanilla case without safety constraintsties

eoi=05=...=0r=V.
o The optimal allocation without safety constraints {p™*, p3*,. .., pu*} is defined as
{pl*,pz*,...,pK } = argmax mm{G( )} (2)
p>0, E, 1pi=1 =2
W/ safety W/o safety (C = +o0) 3
T/C = 3 range [0, 4+00) =0
Stopping time TCT < T
M7 o — 3 log (PFS)  minzzo {min {3Hi(p), Gi(p)}}  minjz2 {G(p)}
: : (m—p)? _ (=)’ u-p)?  _ _(m-w)
Optimal allocation Vo t1/5 — 1R T1/ef Y E R Y N Yr
Leading probability p; > p>*

3 ,
Glynn and Juneja [2004]
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T/C = 3 range [0, +00) 8=0
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Mo — 3 log (PFS)  minzzo {min {3Hi(p), Gi(p)}}  minjz2 {Gi(p)}
2 2
- : (m-—p)® _ (=) (u-p)®  _ _(m-n)
Optimal allocation 1/pi+1/p; — 1/pi+1/p} T /50" 11

Sk

Leading probability pi > Py’
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Formulation and main results by large deviation principles A special case on equal variances

More structural insights e
Stop at T: {pt*, Py, ....pK"} = argmax mm{G( )}
20,51, p=1 772
Early stop: {pr" p, . pr " = argmax min{H;(p)}.

p>0,3"1, pi=1 jz2

Theorem

For the equal variance case, we have G;(p), H;(p),j = 1,2,... K are all quasi-concave.

Therefore, py is monotonic with respect to 3, and there exists 0 < 3 < B < +00 (ﬁ B
could possibly be zero or +o0c) such that

. [ ¥ forp<p
P sz 5

and if 3 € [8,B), p* satisfies min;>> {H;(p*)} = Bmin;>> {G;(p*)} .
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Formulation and main results by large deviation principles [N NEE Rl R TE|RVETEN I

Numerical lllustrations for the Equal-Variance Case J
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Numerical illustrations

: : Stanford
Optimal allocation Gaerey
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(a) p1 =0.2,up = 0.1, u3 = 0.0, g = —0.1  (b) 1 = 0.0, o = —0.1, u3 = —0.2, ug = —0.3

Figure 1: The optimal allocation rules with respect to different 5 = T /C for K = 4 actions
with equal variances and pg =0
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Numerical illustrations

HE : Stanford
Probability of false selection Gaversty
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Figure 2: The probability of false selection with respect to different horizons T for K = 4
actions with equal variances and pg =0
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Numerical illustrations

Probability of false selection: model misspecification Stanford

University
@ Two-point distributions supported on {—1,1}: for i =1,2,3,4

@ Consider optimal allocation rules derived under Gaussian assumptions.
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10" 107" ¢
n
N 170]
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]()'3 £ |=8=Uniform sampling ]()'3 £ |=8=Uniform sampling °\o~ 3
—¢—Optimal allocation w/o safety 3 —¢—Optimal allocation w/o safety
. —&—(Optimal allocation w/ safety . —&—(Optimal allocation w/ safety A
107 ' ' ' 107 : : .
0 0.5 1 1.5 2 0 0.5 1 1.5 2
T x10* T x10*
(@) p1 = 0.2, up = 0.1, u3 = 0.0, 4 = (b) pp = 0,2 = 0.1, u3 = —0.2, pug =
—0.1, T/C = 3 = 1000 —0.3, T/C=8=50
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Numerical illustrations

Conclusion Fae
@ We emphasize the importance of safety in online A/B tests and we propose a
framework to study this issue based on ranking and selection.

@ We provide a large deviation theory for the probability of false selection.

@ We explicitly solve the optimal sampling budget allocation problem that minimizes
the probability of false selection under safety constraints for the equal-variance case.

@ The optimal allocation rule exhibits similar structures with the vanilla rule without
safety considerations but has a systematical shift.
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The paper

Stanford

University

Nian Si, Jose Blanchet, Ramesh Johari, and Zeyu Zheng. “A/B Tests under a Safety

Budget: A Simulation-Optimization Point of View."” Available soon, 2022+.

Thanks!
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Results without the budget constraint® e

@ No budget constraint and stop at time T. Gaussian setting: X; ~ N (ju;,0?).
Assume 17 > fip > ... > k.

@ For the allocation rule Z,K:l pi = 1 and the decision rule
741 € arg maxi<i<k Xi(T):

. 1 : (11 — Mj)2
lim ——=log (PP (/ 1)) = . *
A e 2 {2 (2 /pr + 2/) X
@ Optimal decision rule satisfies
2 2
(Iul :ul) _ (:ul :uJ) for i 7&] (**)

o3/p; +0?/p;  oi/pi+0?/p;

2 ,
Glynn and Juneja [2004]
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Our results: details Sanfon]

@ Gj(p) is the same as the large deviation rate function in the vanilla case without
safety constraints (*).
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Stanford

Our results: details san o

@ Gj(p) is the same as the large deviation rate function in the vanilla case without

safety constraints (*).
e H;(p) satisfies

Hi(p) = H(p) := 2D/V if iy — pi; < 2 (03 — 0?) (D/V) with D > 0,
and otherwise, H;(p) = Hj(z)(p) =

2 2 2
(-15)(ot-2) o)\, () =
( oot TP AP+ s ) T amredim \V T Riareim
(o2-03)’

a7 /pj+oi/p1
where V is the variance per unit and D is the mean extra reward per unit:

K K
V=Y po?, and D= p;(ui — o).
i=1 i=1
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Comparison with the control action e

Our theorem also holds when some of 0;'s is zero and as long as Z,K:l pio? > 0.
Therefore, we allow some treatment action i to be a control action, i.e., u; = o and
o; = 0. In particular, if 13 = o and o7 =0, we have for j =2,..., K

2
Hi(p) = H?(p)
2 .
Z:K:zi;éj pi (i — o) + \/(Z:K—Z,i#j pi (pi — Mo)) + %@ (11 — pj)? (Z/K:Zi;éj p,-a,-2>

Sl e P
i=2,i#j PiT;

Otherwise, if f1; = po and o = 0 for j # 1, we have

K
2 Zi:lj#j pi (1ti — Ho)
K 2 ’
i=1,i#j Pi0j

Hi(p) = H(p) = 2D/V =
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Appendix

Special case 2: two treatment actions e
o K=2.
Proposition

We assume K = 2, X; ~ N (i, 0?) for i = 1,2, and ji; > po. For any allocations py, ps
satisfying p1 + p» = 1, we have

H® (p) = \/( ) ( % 2+ 5—2 (42 — uo)z)
+

+<p (11 — o) —g(uz Mo))
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Appendix

Numerical algorithms Stanford

University

Top-two Thompson sampling (TTTS) method proposed in Russo (2020).
e With probability &;, sample from the posterior distribution and select the largest.

o With probability 1 — &;, continue sampling until an action different from the first
sampling action is selected.

o Consistently tuning &;.
Proposition (Consistency)

We assume X; ~ N (u;, V) fori=1,2,...,K and p1 > pp >

... > uk. Under the
algorithm, for C,, T, — o0 with T,/C, — [3, we have

fim i)

= p; almost surely for i = 1,2, ...
n——+00 Th
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Appendix

Numerical performance: consistency e
1 ‘ ‘ ; : 0'8/'\,_
0.6
Zos —n| 5 —
2 —7 Zoa —n
04 | "
A~ [a W
0o 020 /T
0= e 0 oc: ‘
0 1 2 3 4 5 0 2 4 6
t «10% t x10*

(C) M1 = 0.2,/1,2 = O.l,,u3 = 0.0,11,4 =—-0.1 (d) Hm1 = Oa/~L2 = —0.1,/13 = —0.2,/},4 =-0.3

Figure 3: The convergence of the sampling proportions to the optimal allocations with
01 =02 =03 =04
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Appendix

Numerical performance: probability of false selection e
0.14 0.04 1
--a = p)” 4
0.12 1\ —A—G4 = pj
0.03 |
0.1
wn wn
&0.08 &0.02’
0.06
0.01
0.04
0.02 ‘ ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘ ‘
1 1.2 1.4 1.6 1.8 2 1 1.2 1.4 1.6 1.8 2
T «10% T x10*
(a) M1 = 0.2,/12 = 0.1,M3 = 0.0,M4 = —0.1, (b) M1 = 0.0,/.L2 = —0.1,/,63 = —0.2,/,(,4 =
3 = 1000 —-0.3, =50

Figure 4: The probability of false selection with respect to different horizons T for TTTS/T3C
with fixed & = p} and & = po*
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